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Abstract

Dielectric data in volcanic ash at weather radar wavelengths (centimeter range) are extremely
sparse and are crucial for radar sensing of ash clouds and for imaging of volcanic terrains. This
study extends previous data to include a wavelength range of 1.5-7.5 cm and volcanic ash
compositions of 50-75 % silica. The real part of the complex permittivity, €, of volcanic ash is
6+ 0.5 (10) for all wavelengths. The imaginary part, €”, ranges from 0.08 to 0.27. Both € and ¢’
show higher values at lower SiOy concentration. It is safe to assume in any weather radar
applications that the reflectivity factor is K = |(e — 1)/(e + 2)|* = 0.39 & 0.02 (10), regardless of
composition or wavelength. The results will help quantify radar observations of volcanic clouds.
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Introduction

The use of radar and microwave instruments for
sensing volcanic phenomena has particular value in
regions of frequent activity, remote locations, and
cloudy weather. Development of their remote sens-
ing potential is part of an interdisciplinary science
team focusing on volcanos for NASA’s Earth Observ-
ing System [Mouginis-Mark et. al, 1991]. The impe-
tus for the present research comes from the paucity
of data on the dielectric constants of volcanic ash.
Ounly one reference with specific data [Campbell and
Ulrichs, 1969] has been located, and that study of-
fered results on only two samples at two specific wave-
lengths, 450 MHz and 35 GHz. There is therefore
an urgent need for data over a wide range of wave-
lengths and for a variety of ash compositions. These
data are needed for two applications of remote sens-
ing: one which senses eruption columns and clouds
in the atmosphere with meteorological radar systems
[Harris and Rose, 1983, Rose and Kostinski, 1994]
and another which uses imaging radar (e.g., the re-
cent Shuttle Imaging Radar (SIR-C) mission) to sense
and map volcanic ash deposits on the ground, includ-
ing volcanic ashfalls, ash flows, mudflows, and lavas.
Note that the former application requires a dielectric
constant of a solid rock equivalent of a dilute vol-
canic ash suspended in air (in order to compute the
radar backscattering cross - section), while the latter
requires an effective dielectric constant of a dense vol-
canic ash powder on the ground (viewed as a rough
surface). To obtain an effective dielectric constant,
we report using a microwave technique which involves
placing a quantity of volcanic ash in a shorted waveg-
uide. The standing wave which results will have its
nulls shifted, which is more - or - less a consequence
of the real part of the complex dielectric constant of
the ash. The ratio of the maximum electric field to
the minimum (the standing wave ratio) will decrease
as a result of the presence of losses in the ash, which
is a consequence of the imaginary part of the complex
dielectric constant.

The dielectric constant is a measure of the po-
larizability of a material. When an electric field is
impressed on a material with intrinsic, microscopic
dipoles (a “ball and stick” model will suffice as a sim-
ple but incomplete picture), the dipoles will realign so
as to modify the total electric field. That is, the to-
tal electric field will now be the sum of the impressed
electric field and the electric field of the dipoles. This
is generally expressed through the constitutive rela-

tion:

— —

D =¢.¢,E. (1)

One of Maxwell’s equations in time-harmonic form is
V x H = J 4 jwe,e,E, (2)

where J = oE in equation (2) is the conduction cur-
rent. Combining equations (1) and (2) results in the
definition of an effective complex relative permittiv-
ity, €:

V x H = jwee,E, (3)

where € = € — je” = €, — j(0/(e,w)). The ratio
€” /€' is commonly referred to as the loss tangent, and
j = v/—1 (note that we are using the choice of j
and not 7 for /—1, as is commonly done in electrical
engineering literature).

We chose to work on volcanic ash materials, rather
than with solid rock, for two reasons. First, we
wanted to use ash samples from a variety of recent
eruptions which have been extensively studied, and it
was difficult to get solid rock compositional equiva-
lents of all of these materials. Volcanic ash is subject
to atmospheric fractionation and has complex shapes
and many voids (vesicles). Second, we wanted to be
able to address the dielectric properties of ash that
has fallen on the ground as a fairly dense aggregate
of sand, silt, or clay-sized particles, as well as dilute
suspended particles in the atmosphere, with the same
set of laboratory experiments.

Dense ash powder is a mixture of a solid material
and air, and it is the effective dielectric constant of
this mixture which is measured. One then has to use
appropriate mixing formulae to recover the solid ash
dielectric constant which is needed in radar scattering
calculations (e.g., eruption monitoring). The volume
fraction of ash was determined from a measurement of
the sample mass and a knowledge of the sample den-
sity. As we show below, the results obtained from the
powder measurements and appropriate mixing formu-
lae agreed with those obtained directly from a solid
sample. In addition, from such comparisons one can
learn about the validity of various mixing formulae for
volcanic ash and thereby make some inferences about
shape, etc.

The structure of this article will be an overview of
the experimental method used, followed by a presen-
tation of the complex permittivity values determined
for the ash samples listed in Table 1. The important
issues of error analysis and the choice of an appro-
priate mixing formula are included as appendices in
order to highlight the results while also providing the



details necessary for a critical analysis of the method-
ology.

Measurement Technique and Appara-
tus

All measurements of the complex permittivity were
made using a short-circuited slotted rectangular wave
guide operating in the TE;y mode (the TE;g mode is
the “transverse electric” mode with one half cycle in
the direction of the width of the guide and constant
along the direction of the height of the guide). Since
the complex permittivity (e = € —je”) is not a directly
measurable quantity, it is necessary to relate € to the
physically measurable parameters in the experiment.
This is accomplished by equating two expressions for
the waveguide’s characteristic impedance at the air-
sample interface (the impedance is the ratio of the
transverse electric to the transverse magnetic field).
Looking from medium 1 (air) to medium 2 (ash), with
medium 2 terminated by an electrically shorting plate
(see Figure 1), the characteristic impedance is given
by the relation [Westphal, 1954, p. 66)

Z(0) = Z tanh (ksd), (4)

where d is the sample thickness and Z; and ky =
jkb+kl are the complex characteristic impedance and
complex wave number within the sample, respectively.
For nonmagnetic materials (where the permeabilities,
w1 and pe, are identical), we may substitute Zy =
Z1k1/ks in equation (4) to obtain

2(0) = Zy (k1 /k) tanh (kod), (5)

where Z; and k; are the complex characteristic im-
pedance and wavenumber in region 1 (the free-space
region of the waveguide).

Similarly, looking from medium 2 to medium 1,
Westphal [1954, p. 66] showed that

Emi - 2rx
B J 10 ( Af)
2(0) = 7, . (6)
 Emin 2z,
1-— ] oo tan (T)

max

Here Epin/FEmax is the inverse of the standing wave
ratio (SWR), Ay is the wavelength in the air-filled
guide, and z, is the distance from the air-sample in-
terface to a minimum in the standing wave pattern.
Equating equations (5) and (6) and recognizing
that k1 = j2m/A1, an expression for the unknown
complex characteristic wave number ks is obtained in

terms of measurable parameters:

Fmin . 27X,
tanh (kad)  —jA; [ Faax —J A0 (T) o
kzd 2md 1— ]% tan (21?0)

max

The right side of equation (7) is completely in terms of
measurable parameters. Assuming TE;y mode prop-
agation, \; is determined by a simple measurement
of the standing wave pattern in the guide for a short-
circuited load with no sample. The quantities x, and
Ein/Emax are found from measurements on the slot-
ted line using a simple square - law detector. Once ks
has been determined, the complex relative permittiv-
ity for nonmagnetic materials is found as

(£) - )

€2 = ﬁv (8)
(+) + ()
where A is the cutoff wavelength.

The determination of the right-hand side of equa-
tion (7) in terms of measurable parameters does not
uniquely define ko. This ambiguity results because
the impedance has only been defined at the sample
boundaries. It is therefore necessary to determine
which of the infinite number of solutions to the tran-
scendental equation (7) is correct. This can be ef-
fectively accomplished by choosing the depth of the
sample holder d sufficiently small.

Neglecting losses, equation (7) simplifies to (cf.
equation (A2))

tan (kIQd) = klzgexm (9)

where Eexp is an experimentally determined constant
which is implicitly dependent upon both & and d.
As this equation indicates, the spacing between the
discrete values of ko which satisfy equation (9) can
be increased by choosing d smaller. For d sufficiently
small, this allows the solutions to equation (7) which
are adjacent to the correct value to be discarded on a
physical basis. Consider the simplest case for which
€exp=0. Then equation (9) is satisfied for
nm

ky = ¥ (10)
where n is an integer. Thus, when d is large, the
solutions kj are closely spaced, while for small values
of d, the solutions become widely separated.

For example, the following four adjacent solutions
to equation (7) were obtained for the ash sample 2567



at 10 and 13 GHz in the X-band guide using a sample
holder with d = 1.78 cm:

1.05 — j0.008 1.21 — j0.031
) 2.90—50.028 ) 2.90 - j0.031
079 6.02—30.050 T 5.41—0.031
10.5 — j0.075 8.78 — 5j0.031

Assuming a constant permittivity for sample 2567 be-
tween these two frequencies, the only solution which
satisfies both the 10- and 13-GHz cases within exper-
imental error is € = 2.9 — j0.03. Other roots may be
available which also satisfy both cases, but they must
be outside the range of values listed above and are
therefore not physically reasonable.

Solutions to the multivalued, transcendental equa-
tion (7) were obtained using a root-finding algorithm
in the commercial symbolic math package Mathemat-
ica [ Wolfram, 1989].

The short-circuited waveguide technique was used
to measure the permittivity of all ash samples. While
it is possible to measure both the permittivity and
permeability of a sample using the shorted waveguide
technique, all of the ash samples measured have a
small magnetic material content, and it has been as-
sumed that the samples are nonmagnetic (1 = pg).
This is the same assumption made by Campbell and
Ulrichs [1969] when making similar measurements
and results in a loss tangent which includes both elec-
tric and magnetic field losses.

Commercial slotted guides with cutoff frequencies
of 6.6 and 9.6 GHz were used to make measurements
from 7 to 19 GHz (X - and Ku - bands, respectively).
From 3.5 to 6 GHz (C - band), measurements were
made using a waveguide with a cutoff of 3.1 GHz with
a machined slot. The sample holders were constructed
by welding copper plates to one end of short sections
of the waveguide. These sample holders ranged in
length from 1.8 to 2.5 cm.

The slotted section of waveguide and the ash sam-
ples were mounted vertically so that additional con-
tainers were not required to hold the powdered sam-
ples in place. All samples were dried in an evacuated
oven for 8 hours at 110 °C and allowed to cool to room
temperature before measurements were taken. The
ash samples were then prepared by packing the pow-
dered ash into the short-circuited sections of waveg-
uide. Excess ash was scraped off to produce a sample
surface which was flush with the waveguide flange.
The fractional volume of the powdered samples, de-
fined as

fo=——, (11)

where M is the mass, V the volume, and p the den-
sity, varied from 0.43 to 0.63. However, the fractional
volume of each individual ash sample split varied less
than 3.5% from the mean (a split is defined as one of
several sub-specimens of a given sample).

Effective Permittivity of Powdered Ash
Samples

The real and imaginary parts of the complex di-
electric constant of the samples listed in Table 1 were
measured in the frequency range 4-19 GHz using the
technique discussed above. The real and imaginary
parts of the complex permittivity for a representative
sample, VF74-148, are plotted as a function of fre-
quency in Figures 2 and 3, respectively. Notice that
along with the expected variation of the measured
permittivity for a given split (discussed in Appendix
A), the measured permittivity values of the sample
also exhibit a split-to-split variation.

This variation is attributed to two distinct effects.
The first is deterministic in nature and arises due to
variations in the volume fraction for different splits
(see Figure 4). This effect is removed in determin-
ing the solid ash permittivity through the use of an
appropriate mixing formula (see Appendix B). The
second reason for the split-to-split variation observed
in Figures 2 and 3 is the stochastic nature of the
problem. The effective permittivity of each split is
a complicated function of the size, shape, location,
orientation, permittivity, and volume fraction of the
particles in the specimen. Thus, even for splits with
identical volume fractions, the effective permittivity is
a random variable and must be statistically described
by its moments over several splits.

The mean and standard deviation of the measured
relative permittivity of the powdered ash samples are
listed in Table 2. These numbers were obtained by
averaging all measurements of a given sample over all
splits and all frequencies. It should be noted, as dis-
cussed in Appendix A, that only one of the samples
(SM-3) exhibited a measurable variation in its relative
permittivity with frequency. A variation of approx-
imately +;0.004 GHz™! was observed in the imagi-
nary portion of the relative permittivity of this sam-
ple. The corresponding variation in the real part of
the permittivity (as required by the Kramers-Kronig
relations) was not measurable.



Calculated Permittivity of Volcanic Ash
(Using Bottcher’s Formula)

The real and imaginary relative permittivities of
the solid ash for all six ash samples are shown in Ta-
ble 2. These values were obtained by using Bottcher’s
formula to relate the average effective permittivity,
€eff, and average volume fraction, f,, to the desired
solid ash permittivity, e, (see Appendix B for a dis-
cussion of the formula). The formula was applied to
the average permittivities over all splits rather than
to the permittivity values determined from the indi-
vidual splits because €.¢ in equation (B1) is, by defini-
tion, an average quantity and cannot be determined
from a single measurement of a sample. The aver-
age value of f, for a given sample was also used in
obtaining the values listed in Table 2, and although
(B1) is nonlinear with respect to the volume fraction,
the variation of f, for a given sample was small (Ta-
ble 3) and the error due to this linearization has been
neglected.

Concluding Remarks

The measurements made of the real and imaginary
parts of the complex dielectric constant of powdered
volcanic ash samples indicate that to within experi-
mental uncertainty, these parameters are essentially
independent of frequency in the C -, X - and Ku -
bands.

A linear relationship between the chemical com-
position of volcanic ash and the ash permittivity has
been identified (Figure 5) for the ash samples consid-
ered herein. Both the real and imaginary parts are
slightly higher (~10-20%) for ash with lower silica
contents.

Our new data are comparable and in basic agree-
ment with results reported by Campbell and Ulrichs
[1969] for whole rock samples at 450 MHz and 35
GHz. Their results for Newberry Obsidian were 5.5
and 5.4, respectively, which is very close to our value
for rhyolitic ash (sample 2567, ¢ = 5.649). Campbell
and Ulrichs included in their paper results from rocks
which are called “pumice,” “tuff,” and “volcanic ash,”
which had lower permittivities (2.5-4.0). We suspect
these samples had a significant porosity and would
have dense rock equivalent permittivities of about 5.5-
6.5.

All weather radars operate in the wavelength range
of 3-10 cm (with National Weather Service systems at
10 cm). In this study, we covered the range of 1.5-7.5

cm with € = 6 £ 0.5 and ¢’ =0.08-0.27 throughout
the range. What matters in scattering applications is
the radar cross - section, o, which is proportional to
[Ishimaru, 1991]

2

e—1 ’ (12)

€+ 2

where the vertical bars denote the absolute value and
K is usually referred to as the reflectivity factor. Sub-
stituting € and €” values quoted above, we obtain
K = 0.39 £ 0.02 (+1l0). Thus we conclude that in
any weather radar application, the reflectivity factor
is K = 0.39 £ 0.02 (+10), regardless of composition
or wavelength.

The reflectivity factor is used to determine the in-
tensity of radar reflections. By comparison, this fac-
tor is 0.93 for water and 0.197 for ice, and we note
that at the same size and wavelength, ash is a fac-
tor of 2.4 less reflective than liquid water and 2 times
more reflective than ice. These data show why mois-
ture content of volcanic ash on the ground will be the
dominant factor in its scattering.

Appendix A: Calibration and Error
Analysis

The scales on the slotted waveguides were capa-
ble of measuring a +0.01-cm shift in the position of
the standing wave. The length of the sample hold-
ers was measurable to £0.015 cm. The inverse SWR
was measurable to £0.25 dB at Ku - band using a
variable attenuator. At C - and X - band, the double
minimum technique was used to measure the inverse
SWR to +0 — 2 dB, with the measurement accuracy
dependent upon the sample’s loss tangent and the
fraction of a wavelength contained within the sample
[Westphal, 1954, p. 67]. Finally, the cutoff and ac-
tual wavelength at each frequency (\. and A;) were
measurable to within £0.005 cm.

Given these values, it is possible to use equations
(7) and (8) to bound the errors in determining €, and
€5 which are due to measurement uncertainties. Fur-
thermore, because the ash samples we are consider-
ing have small loss tangents (¢’ /€¢'), it is possible to
estimate the sensitivity of the real portion of the di-
electric constant to the experimental parameters in-
dependently of €’. This is because to first order,

. ) 6//
wy/Tlo€2 = Wy/fio\/ € — jeiy ~ wy/I1o€h (1 - 1262,>
2
(A1)



and the phase shift (i.e., shift in null location) is inde-
pendent of €) (the subscript 2 refers to region 2). The
inverse is not true, however, and the measured value
of €] is dependent upon both the measured SWR and
null location.

Error in Determining ¢

Assuming the inverse SWR is zero, equation (7)

reduces to
tan (khd) =X\ 2mxg
= t A2
ks or U\, )7 (A2)

where £} is real. Because the measurement uncertain-
ties are much smaller than a wavelength, the error in
determining k4 can be bounded as [Bevington, 1969]

Ok} Ok} Ok,
/ < 2 2 2
Ak, < ’A%&ro +’Adad —s—’A)\la/\l
Ok}
+’AA66/\? . (A3)

Using this result along with equation (8), the error in
determining €}, satisfies

/
0¢,

/
+‘A)\1 0él,

OAc

s . (A4)

+|an

Equation (A4) is the desired result which bounds
the maximum deviation of €, due to errors in de-
termining the various parameters in the experiment.
However, this bound will generally be different for
each different dielectric constant measured at a given
frequency. In addition, equations (A3) and (A4)
require that we know the correct values of k) and
€5, while the experiment only estimates these values.
Thus direct application of (A4) to the experimental
data results in an error bound on the variation of
the (generally imprecisely known) measured dielec-
tric constant, not the desired bound on the variation
of the measurements from the actual dielectric con-
stant.

An acceptable solution to these problems was ob-
tained by numerically determining the maximum frac-
tional error in each of the three frequency bands over
the range of dielectric constants encountered in the
experiment (e =2.5-3.8). The fractional error is de-

fined as AL
err — ,62 (A5)

€2
where A€, is obtained using (A4). It should be noted
that in performing these numerical calculations, the

singularities of (A2) (i.e., when z,/A1 = (2n+1)7/4)
do not present a problem. Although a small change in
x, near these singularities can lead to a large change
in the right side of (A2), the left side exhibits a sim-
ilar singularity, and the error predicted by (A4) is a
smoothly varying function for all parameter combina-
tions. This ensures that there are no highly localized
parameter combinations that produce very large er-
rors which might be missed in a numerical calculation
designed to bound the error.

The maximum fractional errors (fe,y) produced by
these numerical calculations were 0.046, 0.084, and
0.080 at C -, X -, and Ku - bands, respectively. One-
half of these values multiplied by 100 yields the max-
imum percentage error in determining €,. The value
ferr is used here so that comparisons can be made
with the experimental data for which the mean is not
known. As shown in Table A1, although the ash splits
consisted of randomly situated scatterers, not a con-
tinuous dielectric as assumed in the development of
equations (7) and (8), the variation observed in the
actual measurements was significantly smaller than
the numerically determined bounds given above. This
implies that the variation of our measurements of €/
from the true mean is conservatively bounded in all
cases by 4.2%.

Finally, to check the above error analysis, permit-
tivity measurements were made of Teflon using the
Ku-band guide. Teflon has a constant relative per-
mittivity of 2.08 — 510~ in the frequency range con-
sidered here [von Hippel, 1954, p. 322]. More re-
cent measurements of the permittivity of Teflon were
made using a time domain measurement of S - pa-
rameters and show the real part to be about 2.06 at
2.9 GHz, dropping monotonically to 2.01 at 11.7 GHz
[Hewlett-Packard Corporation, 1985]. Our measured
values therefore are within the experimental uncer-
tainty of our apparatus, as shown in Figure A1, which
illustrates the variation of the measurements made on
a sample of Teflon at Ku - band along with the value
cited by wvon Hippel [1954]. Maximum errors of 1.8
and 4.7% are obtained when compared with the values
cited by Hewlett-Packard Corporation [1985] and von
Hippel [1954], respectively, and the maximum frac-
tional variation across the range is 0.017.

Error in Determining €}

The maximum error in determining € due to mea-
surement uncertainties can be determined using a pro-
cedure similar to that illustrated above for €,. How-
ever, we must now use equation (7) instead of (A2). In



addition, small deviations from the ideal TE;y model
due to the nonideal nature of the problem become
more important in determining the errors in €5. This
is because the loss tangents of some of the ash sam-
ples are small, and these secondary effects in the non-
ideal waveguide can produce field strengths which, at
the nulls of the standing wave pattern, are significant
compared with those which are due to the propaga-
tion of the TE g mode.

Assuming ideal TE;y propagation and a maximum
error in determining the inverse SWR, E,., of +0.25
dB yields maximum expected fractional errors of 0.13,
0.26, and 0.40 at C -, X -, and Ku - band, respectively.
However, as mentioned above, the error in determin-
ing F, at C - and X - band was a function of the
standing wave ratio and varied from 40 to 2 dB. As-
suming an error of £1 dB at C - and X - bands yields
maximum expected fractional errors of 0.30 and 0.42,
respectively.

Table A2 shows the variation of €). Notice that the
maximum deviation is generally larger for the sam-
ples with smaller loss tangents (cf. Table 2). In some
instances the variation exceeds the above predicted
bounds on the variation in these parameters. This
is reasonable, since when the field strength at a null
in the standing wave is small, the instrument is more
likely to respond to weak nonidealities in the guide
which are not included in the simple TE;y; model.
The effect these nonidealities have on the data can be
lessened by taking advantage of the manner in which
E, varies with frequency (see Figure A2). For the ap-
paratus and samples used in this experiment, it was
found that data points for which E, < —25 dB ex-
hibited large variations from the mean. Therefore, in
determining €/, only those measurements for which
E, exceeded -25 dB were used.

Given this restriction, the maximum error in de-
termining F, is 1 dB for C - and X - band measure-
ments, and the maximum expected fractional varia-
tion at C -, X -, and Ku - bands is 0.30, 0.42, and
0.40, respectively. The maximum observed variation
of the measurements for which E, > —25 dB is shown
in Table A3. Those entries indicated with a 0 corre-
spond to trials for which only one measurement satis-
fied E, > —25 dB. In virtually all cases, the variation
is significantly less than when all the data points are
used (cf. Table A2). For all but one sample, the
maximum measured variation is well within the pre-
dicted bounds. This sample (SM-3) exhibits a large
variation in € because it has a significant positive
slope in €] across the frequencies being considered.

Although this slope was measurable, it has been ex-
plicitly ignored in the calculation of the average quan-
tities < €’ > and < €3 >. The slope is effectively
included, however, through a resultant increase in the
standard deviation of €] for this sample (see Table 2).

Appendix B: Mixing Formulae

In order to determine the actual permittivity of the
solid volcanic ash, a mixing formula must be used to
relate the permittivity and porosity of the ash and air
mixture to a specific solid ash value (the quasi-static
limit is assumed, since d < A for all ash samples).
The literature contains a large number of mixing for-
mulae dating from as early as 1821 [van Beek, 1967],
but little experimental data other than that of Camp-
bell and Ulrichs [1969] has been found which evaluates
the accuracy of these formulae for complex substances
such as rocks and volcanic ash. The formulae which
are applicable to our problem give significantly differ-
ent values for the solid - ash permittivity.

In addressing this same problem at 450 MHz,
Campbell and Ulrichs [1969] found strong experimen-
tal support for the use of Rayleigh’s mixing formula
on mixtures with fractional volumes of up to approxi-
mately 60%. However, the Rayleigh formula assumes
that the field in the region of an individual particle in
the mixture is not perturbed by neighboring particles
and thus requires f, < 1 ([van Beek, 1967] suggests
f» < 0.2). Application of the Rayleigh formula to
our data gives unrealistic values for the solid ash per-
mittivity values, and we have investigated the use of
other mixing formulae.

The accuracy of five different mixing formulae was
examined by measuring the solid and powdered per-
mittivity values of three different rock samples (Table
B1). Measurements were made by cutting and polish-
ing portions of three different solid rock samples to fit
in the C-band sample holder. The remaining portions
of the original rock were then shattered to obtain the
powdered rock permittivity measurements. The par-
ticle sizes of the crushed rock sample were similar to
the particle sizes of the ash samples under consider-
ation. The mixing formulae listed in Table Bl are
given by van Beek [1967].

For a given volume fraction of powder, which mix-
ing formulae is most appropriate depends on, among
others, the relative permittivity of the sample be-
ing measured (Table B1). As is also seen in Ta-
ble Bl and discussed by Ulaby [1986, p. 2085],
the solid - rock dielectric constant is related to the



rock’s density. Therefore, because the range of ash
sample densities measured here (2.5-2.7 g/cm?) in-
cludes the density of the granite sample in Table B1,
for which Béttcher’s formula accurately relates the
solid and powdered granite permittivities, we have
applied Bottcher’s mixing formula to our data. We
have chosen Bottcher’s formula over Looyenga’s mix-
ing formula because both performed similarly and
Bottcher’s formula is more familiar.

Bottcher’s formula implicitly expresses the mea-
sured effective permittivity of a mixture of spherical
particles as a function of the background (¢;) and in-
clusion (e;) permittivities:

Eeff — €p €s — €p

P— v . Bl
3€est f €s + €t (B1)

This expression, also known as the Polder-van Santen
mixing formula for spherical particles [Polder and van
Santern, 1946], has been derived using various tech-
niques by several authors [Béttcher and Bordewijk,
1978, Polder and van Santern, 1946, Tsang and Kong,
1981, Taylor, 1965]. In arriving at this formula, it
is assumed that the mean field inside a particle sur-
rounded by the effective medium (e.s) is a good ap-
proximation to the actual mean field in the particle
[Polder and van Santern, 1946]. Given the nature
of this approximation, it is reasonable that the for-
mula breaks down for a constant volume fraction as
the dielectric contrast between the background and
inclusion permittivities increases (Table B1); as the
permittivity contrast increases, the field in the vicin-
ity of a given particle is increasingly distorted due to
neighboring particles, and the assumption of a uni-
form medium characterized by €cg surrounding the
particle becomes less valid.

Although originally derived for static fields and
spherical particles, it has more recently been shown
that Bottcher’s formula is also valid for a dense col-
lection of randomly shaped particles, provided that
the mixture is characterized by a spherical correla-
tion function with [ < A, where [ is the correlation
length [Tsang and Kong, 1981, Stogryn, 1984].
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Figure 1. Experimental setup using a shorted waveguide for measuring the dielectric constant of the volcanic
samples.
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Figure 2. Real part of the complex dielectric constant versus frequency for the eight splits of the VF74-148
sample.
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Figure 3. Imaginary part of the complex dielectric constant versus frequency for the eight splits of the VF74-148
sample.
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Figure 4. Volume fraction versus specimen number for the six samples listed in Table 1.

VF74-148 0% -
6.5 X %
= .
B 8
5 VP 2375 581892 102 o
8 = X SM-3 =
S 6 X 8
g . z
o SH-CI o]
S = -] 0as %\
T o 2567 K
= =
= o
&
55 3 ° =

- o1

&
5 L L L L L L 005
45 50 55 60 65 70 75 80
Wt % SIO2
xm Red s Imaginary

Figure 5. Real and imaginary parts of the complex permittivity of volcanic ash samples, as a function of percent
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Figure A1l. Measured variation in the real part of the permittivity of Teflon in the Ku - band.

13



-18
-20
-22
-24
-26
-28

Inverse SAVR (dB)

-30

-32

-34

10 11 12 13 14 15 16 17 18 19 20
Frequency (GH2)

Figure A2. Inverse standing - wave - ratio versus frequency over the Ku - band with e; = 3.0 — 50.03
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Table 1. Volcanic Ash Samples Studied in This Work

Sample Volcano Date Composition  SiOg, wt % N*
VF74-148 Fuego, Guatemala 1974 basalt 51 2,42
VP 2375 Pacaya, Guatemala 1975 basalt 50 2,42
S-81892 Crater Peak/Spurr, Alaska 1992 andesite 56 2,42
SM-3 Santa Marfa, Guatemala 1902 dacite 65 2,4.2
SH-CI Mount St. Helens, Washington 1980 dacite 68 1,1,1
2567 Atitlan, Guatemala 75 ka rhyolite 76 2,4,2

Together the samples represent the mainstream variability of volcanic ashes on Earth.
*Number of sample splits in the 10.5-19 GHz, 7-13 GHz, and 4-6 GHz ranges, respectively. These ranges roughly

correspond to the IEEE band designations of Ku -, X -, and C - bands, respectively.

Table 2. Mean and Standard Deviation for the Real and Imaginary Parts of the Complex Dielectric Constants,
and the Mean for the Real and Imaginary Parts of the Effective Permittivity of the Solid Ash Equivalent, for the
Six Volcanic Ash Samples Studied

Sample <€ > <€ > s.d.(€) s.d.(€”) < €lg > < €ly >
VF74-148 3.736 0.1229 0.0588 0.0080 6.487 0.268
VP 2375 3.561 0.0751 0.0564 0.0058 6.134 0.164
S-81892 2.542 0.0333 0.0284 0.0050 6.109 0.136
SM-3 2.900 0.0350 0.0350 0.0092 6.041 0.108
SH-CI 2.886 0.0367 0.0791 0.0038 5.802 0.107
2567 2.823 0.0287 0.0221 0.0024 5.649 0.084

Table 3. Mean and Standard Deviation for the Vol-
ume Fraction of the Six Volcanic Ash Samples Studied

Sample Mean for f, s.d. for f,
VE74-148 0.621 0.0081
VP 2375 0.619 0.0077
S-81892 0.443 0.0083
SM-3 0.513 0.0081
SH-CI 0.525 0.0170
2567 0.523 0.0061
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Table Al. Fractional Variation x100 of Measured €, in Each of the Frequency Bands

Sample C - band X - band Ku - band
VF74-148 1.4,0.91 0.65, 1.2, 1.1, 1.2 1.0, 0.85
VP 2375 1.6, 0.67 24,16,1.9, 1.8 22,14
S-81892 2.1, 1.7 3.8, 3.2, 2.2, 3.34 0.7, 1.6
SM-3 1.5, 1.5 0.94,0.90 1.4, 1.2 1.5, 1.7
SH-C1 1.3 1.2 1.4, 4.2
2567 14,15 0.98, 1.1, 0.83, 1.7 1.5, 0.75

Table A2. Fractional Variation x100 of Measured €4 in Each of the Frequency Bands (Using All Data)

Sample C - band X - band Ku - band
VE74-148 13, 18 24, 27,12, 17 14, 15
VP 2375 11, 12 15, 10, 7.7, 14 12, 18
S-81892 22, 25 35, 46, 28, 44 28, 21
SM-3 34, 12 48, 27, 26, 39 40, 50
SH-C1 7.7 28 47
2567 53, 20 17, 19, 30, 33 33, 14

Table A3. Fractional Variation x100 of Measured €}
in Each of the Frequency Bands (Using Data for Which

E,. > —25 dB)

Sample C - band X - band Ku - band
Sample C-band X-band Ku-band

VF74-148 13, 18 7.6, 27, 5.8, 12 14, 15

VP 2375 9.9, 12 15,10, 7.7, 14 12, 18
S-81892 1.4, 4.8 3.4,20,0,1.6 14, 21
SM-3 104, 7.6 48,17, 21, 19 40, 32
SH-C1 7.7 6.9 35
2567 0,0 7.4,6.8,12, 13 15,9
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Table B1. Evaluation of Mixing Formulae for Three Samples

Granite Basalt(1) Basalt(2)
(Amygdaloidal)
Density, (g/cm?) 2.7 3.3 3.1
Relative permittivity (solid) 5.2 —50.07 10.5 — j1.5 8.9 —51.3
Relative permittivity (powder) 2.86 — j0.15 4.08 — j0.15 412 — j0.18
Volume fraction (f,) 0.569 0.570 0.598

Bottcher 5.14 — 50.062 7.90 — 50.37 7.74 — 70.43
Looyenga 5.24 — 70.066 8.26 — j0.41 8.10 — 50.47

Rayleigh [Campbell and Ulrichs, 1969 7.16 — 50.16 19.9 — 3.4 17.9 — 53.3

Rayleigh (complete) 6.52 — j0.12 14.0 — j1.5 12.8 — j1.5
Rayleigh (higher order) 5.75 — 70.086 9.66 — j0.62 9.00 — 50.62
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